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Tabular Model-Based
m Optimistic
m Randomized

Tabular Model-Free Algorithms

Website
https://rlgammazero.github.io
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Minimax Lower Bound

Theorem (adapted from Jaksch et al. [2010])

For any MDP M* = (S, A, pn, rn, H) with stationary (p1 = p2 = ... = pu ) transitions,
any algorithm 24 at any episode K suffers a regret of at least

0 (m)

with T = H K.

w If non-stationary transitions
® p1,...,pg can be arbitrary different

® Effective number of states is ' = HS
¢ Lower bound

Q(H\/W)
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Tabular MDPs: Outline

Tabular Model-Based
m Optimistic

facebook Artificial Intelligence Research Ghavamzadeh, Lazaric and Pirotta



The Optimism Principle: Intuition

OPTIMISM
It's the best way to see life.



The Optimism Principle: Intuition

Exploration vs. Exploitation
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The Optimism Principle: Intuition

Exploration vs. Exploitation

Optimism in Face of Uncertainty

When you are uncertain, consider the best possible world (reward-wise)
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The Optimism Principle: Intuition

Exploration vs. Exploitation

Optimism in Face of Uncertainty

When you are uncertain, consider the best possible world (reward-wise)

If the best possible world is correct If the best possible world is wrong
— no regret — learn useful information
Exploitation Exploration
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The Optimism Principle: Intuition

Exploration vs. Exploitation

/ Optimism in value function ‘

Optimism in Face of Uncertainty

When you are uncertain, consider the best possible world (reward-wise)

If the best possible world is correct If the best possible world is wrong
— no regret — learn useful information
Exploitation Exploration
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History: OFU for Regret Minimization

Tabular MDPs

FH: finite-horizon
AR: average reward
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Learning Problem

Input: S, A rpr
Initialize Qn1(s,a) =0 forall (s,a) eSx Aandh=1,...,H, D1 =0

for k =1,..., K do // episodes

Observe initial state sy (arbitrary)

Compute (Qh,k)thl from Dy
Define 7. based on (Qhk)thl

forh =1,..., H do
Execute apr = m,/,.(shk)
Observe 74 and Sp11,k
end

Add trajectory (Shk, Gnk, rhk)thl to D1
end
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Learning Problem

Input: S, A rp7
Initialize Qp1(s,a) =0 forall (s,a) e Sx Aandh=1,...,H,D; =10

for k =1,..., K do // episodes

Observe initial state sy (arbitrary)

Compute (Qh,k)thl from Dy

Define 7, based on (Qnk)h=1 Defines the type of algorithm
for h =1,..., H do

Execute apr = m,/,.(shk)

Observe 741 and Sp11,k
end

Add trajectory (Shk, Gnk, rhk)thl to D1
end
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Model-based Learning

Input: S, A rpr
Initialize Qr1(s,a) =0 for all (s,a) e Sx Aand h=1,...,H, D1 =10

for kb =1,..., I do // episodes

Observe initial state s1x (arbitrary)

Estimate empirical MDP Z/\Zk = (S, A, Phk, Thi, H) from Dy,

B Zf__ll 1 ((shi> @ni» Sht1,:) = (8,a,8")) E;:ll Thi - 1 ((Shi,ans) = (s,a))

Dhi(s'|s,a) = == N (5, 0) , The(s,a) = Ne(5,9)

Planning (by backward induction) for 7,

for h=1,...,H do
Execute apr = m,;‘,(shk)
Observe 74 and Sp41,k
end
Add trajectory (shk,ahk, Thk){;lzl to Dyy1

end
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10

Measuring Uncertainty
Bounded parameter MDP [Strehl and Littman, 2008]

M, = {<S,A, P oy HY 2 Vh € [H]

ri(s,a) € Bj(s,a), pu(ls,a) € B, (5.0),¥(s,a) € S x A}
Compact confidence sets

By (s, a) = [Th;(s a) — Bri(s,a), Thi(s,a) + Bri(s,a)

B (s,a) = {p(-\s,@ e AS): |p(|s,a) — D (ls.a)|r < a;;,‘(,s.(,)}
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Measuring Uncertainty
Bounded parameter MDP [Strehl and Littman, 2008]
My, = {<S,A, P oy HY 2 Vh € [H]
ru(s,a) € Bly(s.a), pa(-|s,a) € BY,(s.a),¥(s,a) € S x A}
Compact confidence sets
Bii(s,) i= [Fa(s,0) = By (5, 0), Toe(s,a) + (s, 0)]

Bl (s,a) = {p(1s.a) € AGS) : p(ls,a) = i1l < 700}

Confidence bounds based on [Hoeffding, 1963] and [Weissman et al., 2003]

(s a) x \/ CEE ) g (s0) \/ S log (N (3.0)/4)

Np (s (1,) Nk (57 (Z)
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Bounded Parameter MDP: Optimism

H

Vi
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Fix a policy =
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Bounded Parameter MDP: Optimism
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Bounded Parameter MDP: Optimism
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\ﬁﬁ/f\} Fix a policy =

U C Bf (‘Ylﬁ )
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Bounded Parameter MDP: Optimism

L/

Optimism: UCB(V{") = nax Vi = Vi
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Fix a policy =
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Extended Value Iteration

[Jaksch et al., 2010]

Input: S, A, B}, B},
Set Qr+1(s,a) =0 for all (s,a) €S x A

forh =H, ..., 1 do
for (s,a) € S x Ado
Compute
Qnie(s,a) = max rp(s,a)+ max Eg
rp€B} . (s,a) ]’/,613;7‘.(5‘0)
=7Tnr(s,a) + Bhi(s,a) + max
I)/,ﬁB;:L,<S.(L)
Vik(s) = 111111{][ (h—1), maj{Qhk(s,a)}
ac
end
end

return 7, (s) = arg maxeea Qni(s,a)

(Is,a) [th,k(S/)]

Esnpy (-15,a) [‘/,,+1,k(s/)]
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Extended Value Iteration

[Jaksch et al., 2010]

Input: S, A, B}, B},
Set Qr1(s,a) =0 for all (s,a) € S x A

forh =H, ..., 1 do

for (s,a) € S x Ado
Compute
k(s,a) = max rn(s,a) + max Egron, (. [V,A s’ ]
Qlk( ’ ) 7*/,63})‘#(*.(1) h( ’ ) p/,GBlljl.(.s‘a) s'~pn(tls.a) ! l’k( )
= Thi(s, (I,) + “3;:;‘(5, (I,) + max Es’Np;L(~|s,a) |:‘/h+l’k(8/)i|
p/,eB/’lA‘(s.a)
Vik(s) = 111111{[[ (h—1), maXQhk(&a)}
: acA
end Policy executed at episode k ‘

end
return 7, (s) = arg maxeea Qni(s,a)
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Optimism

uncertainty

Qh(s,a)

By
H
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Optimism

H

Qh(s,a)

uncertainty
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Optimism

Qh(s,a)

uncertainty
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Optimism

Qh(s,a)

uncertainty

facebook Artificial Intelligence Research

Ghavamzadeh, Lazaric and Pirotta

13



Optimism

Qh(s,a)

uncertainty
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Optimism

uncertainty
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Optimism

A uncertainty
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Optimism

A uncertainty

Vh € [H],Y(s,a), Qni(s,a) > Q7 (s, a)
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UCRL2-CH for Finite Horizon

Theorem (adapted from [Jaksch et al., 2010])

For any tabular MDP with stationary transitions, UCRL2 with Chernoff-Hoeffding
confidence intervals (UCRL2-CH), with high-probability, suffers a regret

R(K, M*,UCRL2-CH) = O (HS\/AT + HQSA)

» Order optimal v AT
m VHS factor worse than the lower-bound

Lower-bound: Q(\/ HS AT) (stationary transitions)
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Extended Value Iteration

Qnr(s,a) = Smax {7" ‘|‘pTVh+1,k}
(rip)e By (3.0)% B, (3.0

= max r+ max pVth
IEBM( a) pGBhk(sa)

=Tni(s,a) + Bhu(s,a)+ max p Vh+1,k
pGBM(G a)

< Thi(s,a) + Brp(s.@) + |0 — Dhi (15, @) |1 Vis 1 koo + Pri (-], ) Vi g
S ?hk(s, a) + 3/71k(5 (L) -+ H(iﬁ,\(s (l) + l/’\hk('|3; CL)TV}H_Lk
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15

Extended Value Iteration

Qnr(s,a) = Smax {7" ‘|‘pTVh+1,k}
(rip)e By (3.0)% B, (3.0

= max r+ max pVth
IEBM( a) pGBhk(sa)

=Tni(s,a) + Bhu(s,a)+ max p Vh+1,k
pGBM(G a)

IN

Wil Vi 1klloo + Dh (-5, @) Vi1 k

Thik(s,a) + Bri(s,a) + [[p — P (s,

S ?hk(s, a) + 3/71k(5 (L) -+ H(iﬁ,\(s (l) + l/’\hk('|3; CL)TV}H_Lk

) Exploration bonus (1 + HV/'S)f%, (s, a) for the reward
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UCBVI

[Azar et al., 2017]

Replace EVI with Exploration Bonus

Input: S, A, Bi=57= Thke, Dk bur
Set Qr+1,k(s,a) =0 forall (s,a) € S x A

forh=H,...,1do

for (s,a) € S x A do
Compute

Qni(s,a) =7nie(s,a) + bur(s,a) +Egp,, (1s.a) [Vh+1,k(5/)}

Viik(s) = min{H —(h—1), max Qhk(sl,a/)}
a’e

end
end
return 7, (s) = arg maxaea Qni(s,a)

> Equivalent to value iteration on My = (S, A, 7.1 + buk, Pk, H)
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UCBVI: Measuring Uncertainty

m Combine uncertainties in rewards and transitions

® In a smart way

log(Npk(s,a)/d . )
bni(s,a) = (H + 1)\/ g(N::((S a))/ ) < Bpi + Hﬁik
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UCBVI: Measuring Uncertainty

m Combine uncertainties in rewards and transitions

® In a smart way

log(Npk(s,a)/d . )
bui(s,a) = (H + 1)\/ g(N::((S a))/ ) < Bpi + Hﬁik

7 Save a VS factor

~ T *
(18, a) — pri(-]s,a Vi <H
() =Pl )" T N
=By, /VS
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UCBVI-CH: Regret

Theorem (Thm. 1 of Azar et al. [2017])

For any tabular MDP with stationary transitions, UCBVI with Chernofl-Hoeffding
confidence intervals (UCBVI-CH), with high-probability, suffers a regret

R(K, M*, UCBVI-CH) = O (H\/SAT n H252A>

m Order optimal v SAT
w V'H factor worse than the lower-bound
= Long “warm up” phase

u If non-stationary, then 6<H 3/ 2\/SAT)

Lower-bound: Q(\/ HS AT) (stationary transitions)
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Refined Confidence Bounds

m UCRL2 with Bernstein-Freedman bounds (instead of Hoeffding/Weissman): *
1 see tutorial website

R(K, M* ,UCRL2B) = O (\/H I SAT + H252A>

&) Still not matching the lower-bound! \ I'= max |lpn(-|s,a)llo < S

* stationary model (p1 = ... = pp)
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19

Refined Confidence Bounds

m UCRL2 with Bernstein-Freedman bounds (instead of Hoeffding/Weissman): *
1 see tutorial website

R(K, M* ,UCRL2B) = O (\/H I SAT + H252A>

&) Still not matching the lower-bound! \ I'= max |lpn(-|s,a)llo < S

m UCBVI with Bernstein-Freedman bounds: *

R(K, M*,UCBVI-BF) = O (x/HSAT + H%S?A + Hﬁ)

) Matching the Lower-Bound!

) Long “warm up” phase

* stationary model (p1 = ... = pp)
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Refined Confidence Bounds

m EULER [Zanette and Brunskill, 2019]
keeps upper and lower bounds on V;*

R(K, M*,EULER) (N/@*SAT+fSAH2(f+ \F))

3 Problem-dependent bound based on environmental norm [Maillard et al., 2014]

Q* = max (V(rh(s, a)) + erphus,a)(vffﬂ(x)))

s,a,h

Vaup(£(2)) = Bany [ (F(2) = Eymp [F ()]

¢ Can remove the dependence on H

) Matching lower-bound in the worst case
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UCRL2: RiverSwim

Hoeffding

» /L

bhi (s, @) = Tmax N
[ SL

b (s,a) = N

Bernstein

bials,0) = ) V08 T
, V@) L

bhk (87 a) = T + N

~ 1 .
V(Phe) = N Z(Th,i — Phr)?

i

is the population variance

N = Nhk(s,a) V1
L =1og(SAN/)
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UCBVI: RiverSwim

Hoeffding
buk(s,a) = %
Bernstein
buk(s,a) = W
LW ;Vh)L N (H\/_ﬁh)

Vp(V) = Epnp[(V(z) — N)Q]

N = Nii(s,a) V1
L =log(SAN/6)
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UCBVI: RiverSwim

Hoeffding
bui(s,a) = %
Bernstein
buk(s,a) = W
LW ;Vh)L N (H\/_ﬁh)

Vp(V) = Eonp[(V (@) — )]
with g = Egp[V ()]

N = Nhk(s,a) V1
L =1og(SAN/4)

facebook Artificial Intelligence Research

R(K)

22

250

200 —

150 —

100 —

50 !

—— UCRL2-H
- - - UCRL2-B
----UCBVI-H

Ghavamzadeh, Lazaric and Pirotta



Model-Based Advantages

Learning efficiency
m First order optimal

= Matching lower-bound
Counterfactual reasoning

= Optimistic/Pessimistic value estimate for any 7

m Usefull for inference (e.g., safety)
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Model-Based /ssues

Complexity

m Space O(HS?A)

non-stationary model —> H( S2A + SA )

transitions  rewards

= Time O(K HS’A )
—
planning by VI
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Model-Based /ssues

Complexity

m Space O(HS?A)

non-stationary model —> H( S2A + SA )

transitions  rewards
w Time O(K HS*A )

planning by VI

incremental updates
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Real-Time Dynamic Programming (RTDP)

[Barto et al., 1995]

Input: S, A 7y, pn

Initialize Vj,o(s) = I/ — (h — 1) for all s € S and h = [H]
fork=1,..., K do // episodes

Observe initial state sy (arbitrary)

forh =1,..., H do

ank € arg max 4 (snk, a) + pr(-|snk, a)TVh_H,k_l (1-step planning)
acA
Viek (8nk) = Th(Shks ank) + pr(|Snk, ank) | Vig1,k-1 (1-step planning)

Observe sp41,k ~ pr(|Shk, ank)
end

end
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Opt-RTDP: Incremental Planning

[Efroni et al., 2019]

Input: S, A 7
Initialize Vj,o(s) = H — (b — 1) forall s € S and h =[H], D1 =0

for k=1,..., K do // episodes

Observe initial state s1x (arbitrary)

Estimate empirical MDP My, = (S, A, Prk, Thi, H) from Dy,
- et . ion)-for—
forh=1,... H do

Execute any = 715 (Shk)

Observe rpi and sp41,k
end

Add trajectory (shk,ahk, Thk)hH:1 to 'Dk+1
end
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Opt-RTDP: Incremental Planning

[Efroni et al., 2019]

Input: S, A 7
Initialize Vj,0(s) = H — (h— 1) forall s€ Sand h = [H], D1 =0

for kb =1,..., K do // episodes

end

Observe initial state s (arbitrary)

Estimate empirical MDP My, = (S, A, Prk, Thi, H) from Dy,
5 s . iom)-forr

for h = 1,....H do

Build optimistic estimate of Q(spk,a) for all a € A

Q < using Pk, Thi, Viiik
Set Vpk(she) = min {Vh,kq(shk) » max Q(Shkyal)}
a
Execute anr = 711 (Sni) = arg max Q(shk, a)
ac

Observe rp; and sp41,k

end

Add trajectory (Shk, Ghk, rhk)thl to Diy1

Optimism + RTDP
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Opt-RTDP: Incremental Planning

26

[Efroni et al., 2019]

Input: S, A =77
Initialize Vj,0(s) = H — (h— 1) forall s€ Sand h = [H], D1 =0

for kb =1,..., K do // episodes

end

Observe initial state s (arbitrary)

Estimate empirical MDP My, = (S, A, Prk, Thi, H) from Dy,

for = 1,.... 1 do /F\ Forward estimate (not backward!) ‘
alla e A

Build optimistic estimate of Q(spk,a) for

Q <+ using Pnk, Thi, Viii k1

Set \'vhk(Shk) = min {Vh,k—l(shk) s H}gﬁ Q(Shk,al)} ‘k‘ Next stage but previous episode! ‘
a

Execute anir = 71 (Sni) = argmax Q(shk, a)
acA

Observe rp; and sp41,k
end
Add trajectory (snk,ank, Thi)he1 t0 Dii1

Optimism + RTDP
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Opt-RTDP: Properties

Non-Increasing Estimates
Vik(s) < Vi k—1(5)

how?

m Optimistic initialization: Vio(s) = H — (h — 1)

m Clipping:

Vg (Shi) = min{Vh,k—l(Shk) , Iax Q(Sh/ma/)}

facebook Artificial Intelligence Research Ghavamzadeh, Lazaric and Pirotta

27



Opt-RTDP: Properties

Optimistic Estimates
Vik(s) = Vi (s)

how?
m Optimistic initialization: Vio(s) = H — (h — 1)

m Optimistic update

facebook Artificial Intelligence Research

Ghavamzadeh, Lazaric and Pirotta

28



Opt-RTDP: Properties

Optimistic Estimates
Vik(s) = Vi (s)

how?
m Optimistic initialization: Vio(s) = H — (h — 1)
m Optimistic update

Example. UCRL2-like step

Q(spr,a) =  max  r(spg,a)+  max
r€By, (shk,a) PEBY, (snr,a)

® Vit11—1 is one episode behind but optimistic

m Then @ is optimistic!

facebook Artificial Intelligence Research

I['?‘s’fvp(~|shk,a) [Vh-‘rl,k*l (5,)]
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Opt-RTDP: Regret B

Theorem (Thm. 8 of Efroni et al. [2019])

For any tabular MDP with stationary transitions, UCRL2-GP (Opt-RTDP based on
UCRL2 with Hoeffding bounds), with high-probability, suffers a regret

m Same regret as UCRL2-CH

m Computationally more efficient
Time: O(SA) per step, total runtime O(HSAK)

7 can be adapted to any algorithm (e.g.,UCBVI, EULER)
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UCRL2-GP: RiverSwim

Hoeffding

” _ | L
bhk: ('57 a) = Tmax N

250
| SL
P — -
Vi (5 ) = N 200
Bernstein < 150
&

- LV (7 L J
bhk(s,a) = % +Tmaxﬁ 100 — |
w (sa) = | PV B | L -

hk s,a)= N N 50 .

- - - - UCRL2-GP-H
------ UCRL2-GP-B

N = Nhk(s,a) V1
L =1log(SAN/)
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UCRL2-GP: RiverSwim

Hoeffding

250 —

” | L

bhk(s,a) = Tmax N
| SL

P — -

by (s,a) = N

200 —

Bernstein < 150
3
r LV (Th L
bhi(s,a) = # Tmax 37 100 |
hi\S @) = N N 50 — )
0

—— UCRL2-H
- - - UCRL2-B
- - - - UCRL2-GP-H
------ UCRL2-GP-B

N = Nhk(s,a) V1
L =1log(SAN/)
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Tabular MDPs: Outline

Tabular Model-Based

m Randomized
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Posterior Sampling (PS)

a.k.a. Thompson Sampling [Thompson, 1933]

Keep Bayesian posterior for the unknown MDP

? A sample from the posterior is used as an
estimate of the unknown MDP

Exploration

Few samples = uncertainty in the
estimate

More samples — posterior concentrates

on the true MDP
Exploitation

facebook Artificial Intelligence Research
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History: PS for Regret Minimization

Tabular MDPs

+
FH: finite-horizon ®®
AR: average reward J ‘\f’\
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€2: arXiv paper (not published) 7 A
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X: possibly incorrect +

&d: possibly incorrect assumptions
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Bayesian Regret

RB(K, p1,2) = Enpeop, [

facebook Artificial Intelligence Research

R(K, M*,2)
— —
=E[R(K,M*2)]

-5

>

k=1

Vi (s16) = Vi'hys (S11)
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Posterior Sampling
[Osband and Roy, 2017]

Input: S, A, #pm, prior 1
Initialize D1 = ()

for ik =1,..., K do // episodes

Observe initial state s (arbitrary)

Sample My, ~ p(-|Dk)
Compute

m, € arg max{ Vi, }
U

forh —=1,..., H do
Execute anr = W},/\.(Shk)
Observe ri5 and sp41,%
end

Add trajectory (shk,ahk,rhk)thl to Diy1
end
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Posterior Sampling

[Osband and Roy, 2017]

Input: S, A, #pm, prior 1
Initialize D1 = ()

for ik =1,..., K do // episodes

Observe initial state s (arbitrary)

Sample My, ~ p(-|Dk)
Compute

m, € arg max{ Vi, }
U

forh=1,..., H do
Execute anr = W},/\.(Shk)
Observe ri5 and sp41,%
end
Add trajectory (shk,ahk,rhk)thl to Diy1

end

facebook Artificial Intelligence Research

Prior distribution:
v, P(M* € ©) = iy (0)
Posterior distribution:

VO, P(M* € O©|Dy, 1) = px(0O)

Priors
Dirichlet (transitions)
Beta, Normal-Gamma, etc. (rewards)
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Model Update with Dirichlet Priors

A assume r is known {Ht, (8¢, ay, st+1)} g

N~
~Hy
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Model Update with Dirichlet Priors

A assume r is known {ut, (st,at,st+1)} g

~H,
m (s, a) = Dirichlet(ay, ..., ag) on p(-|s,a)
m Observe s;41 ~ p(+|s¢, ar) (outcome of a multivariate Bernoulli) such that
St+1 = 4. The Bayesian posterior is

ti+1(s,a) = Dirichlet( aq,...,0; +1,..., a5 )

. ~ Q;
® Posterior mean vector p;y1(s;|s,a) = —
n

1
® Variance bounded by —
n
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Posterior Sampling is Usually Better

UCRL2  Gaussian PSRL — PSRL

N:5
3000 -
2000 -
1000+
0=y T 1
0e+00 5e+05 1e+06
N: 10
50000 -
40000
30000 -
600 3 20000-
5 500 £, 10000
2 2 e : "
& 400 o 0c+00 5c+05 1e+06
300 8 N: 30
E
200 a 3e+05 -
100 2e+05 -
o 1e+05
10° 10° 10* 10° 10° 0c+00 ; :
T 0c+00 5c+05 1e+06
. N: 50
Bandit
. 3e+05 -
[Chapelle and Li, 2011] 2e405 -
1e+05 -
0c+00 - J
0c+00 5¢+05 1e+06
Episode
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Finite horizon RL

[Osband and Roy, 2017]
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PSRL: Regret

Theorem (Osband and Roy [2017] revisited)

For any prior 1 with any independent Dirichlet prior over stationary transitions, the
Bayesian regret of PSRL is bounded as

RP(K, 1, PSRL) = O(HSVAT)

m Order optimal VAT
m V HS factor suboptimal

Lower-bound: Q(v HS AT) (stationary transitions)

* in [Osband and Roy, 2017] is O(H+/SAT) for stationary MDPs
but there is a mistake in Lem. 3 (see [Qian et al., 2020])
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PSRL: RiverSwim

—— PSRL

30 ~

20 |-
)
<

10 |-

0 —

| | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5
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PSRL: RiverSwim
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R(K)
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Tabular Randomized Least-Squares Value Iteration (RLSVI)

[Russo, 2019]

Input: S, A, H

fork=1,..., K do // episodes

Observe initial state sy (arbitrary)
Run Tabular-RLSVI on Dy,
for h = 1,.... 1 do -
Execute anr = mhe(Sni) = arg max Qni(Shk,a)

Observe rpx and sp41,%
end

Add trajectory (Shk, Ghk, rhk)thl to Diy1
end

* Not necessary to store all the data. Updates can be done incrementally

facebook Artificial Intelligence Research Ghavamzadeh, Lazaric and Pirotta



Tabular-RLSVI

Input: Dataset Dy = (shi,ahi,rhi)hHi’izl
Estimate empirical MDP My = (S, A, ph, Th, H)

Sh’i7 Ghi, sthl,i) = (S, a, S/)) )

M |

~ /
S |S,a
Phi(s']s,a) = Nhk 5a) 2

k—1
Pk (s, a) = mzm 1 ((shi» ans) = (5,0))

i=1

forh=H,...,1do// backward induction ‘/\ BRnninglonIMBP

Sample &ni ~ N (0, U}%AI) My = (S, A, Phk, Thi + Enk, H)
Compute

V(s,a) € S x A, @hk(& a) =Thi(s,a) + Enn(s, a) + Z ﬁhk(s/‘&a)‘/}thl,k(sl)
s’'es
end
A H
return {Qni }rh—1
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Tabular-RLSVI: Frequentist Regret

Theorem (Russo [2019])
For any tabular MDP with non-stationary transitions, Tab-RLSVI with

~ SH3
onk(s,a) = O ( W)

suffers with high probability a frequentist regret
R(K, M*, Tab-RLSVI) = O (H5/283/2\/AT)

» Order optimal v AT
= H?/2S worse than the lower-bound Q(HV/SAT)

7 Analysis can be improved!
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Tab-RLVSI,: RiverSwim

o1 (theory)
1 /(H - h)3SL
on(s,a) = 1 %
02
1 H — h)2L
o) - L JE=FPE
g3
1 /L
on(s,a) = AV N

N = Nhk(s,a) V1
L =1og(SAN/)
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R(K)

0.8

0.6

0.4

0.2
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------- Tab-RLSVI-1
Tab-RLSVI-2
- - - Tab-RLSVI-3
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Tab-RLVSI,: RiverSwim

1,200 —H
o1 (theory) ’
1 H —h)3SL
o_h(&a) _ i ( N) 1,000 —
g2
800 —
1 H —h)2L
ontona) = 1y <
E 600 —
g3
1 /L |
O'h(S,a) = 1 N 400
200 —+

N = Nhk(s,a) V1

43

- - - Tab-RLSVI-3
—— UCRL2-H

L =1og(SAN/§)
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Tabular MDPs: Outline

Tabular Model-Free Algorithms
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Model-Based /ssues

Complexity
= Space O(HS?A)

nonstationary model = H( S?A + SA )

transitions  rewards
» Time O(K HS’A )
—
planning by VI

Solutions

Time complexity: incremental planning (e.g.,Opt-RTDP)
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Model-Based /ssues

Complexity
w Space O(HS?A)

nonstationary model = H( S?A + SA )

transitions  rewards
w Time O(K HS’A )
—
planning by VI
Solutions
Time complexity: incremental planning (e.g.,Opt-RTDP)

Space complexity: avoid to estimate rewards and transitions
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Model-Based /ssues

Complexity
= Space O(HS?A)

nonstationary model = H( S?A + SA )

transitions  rewards
w Time O(K HS’A )
——
planning by VI
Solutions
Time complexity: incremental planning (e.g.,Opt-RTDP)
Space complexity: avoid to estimate rewards and transitions

> Optimistic Q-learning (Opt-QL)
Space: O(HSA) Time: O(HAK)
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River Swim: Q-learning w\ e-greedy Exploration

€= 1.0 4000
me =05 35001
60 3000 4
m € =
"7 (N(s4) — 1000)2/3
% 2000
1.0 t < 6000 § o
m e = €0 . E:
W otherwise 1000 ]
500 1
1.0 t < 7000 o
u Et = 670 otherW|se (I) lUCIrOO 20(‘!00 30(300 40600 50(‘)00
N(St)1/2 Time

Tuning the e schedule is difficult and problem dependent
Regret: Q(min{T, AH/Q})
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Optimistic Q-learning

Input: S, A, 7
Initialize ()}, (s.a) = H — (h — 1) and Np(s,a) =0 for all (s,a) € S x A and h = [H]

for k. =1,..., K do // episodes
Observe initial state sy (arbitrary)
for h=1,...,H do ‘ Upper-Confidence Bound

Execute anr = mhi(Shi) = arg max @/, (Shk,a)
a

Observe rpi and sp41,%
Set Niu(snr, anr) = Nn(shk, ank) + 1
Update

Qn(shk,ank) = (1 — a)Qn(shk, ank) + v (Thk + Vg1 (sne1n) + b )

Set YA/h(shk) = min {H — (h— 1)7m€a}Qh(shk,a)}

end
end
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Step size oy

Qlearning uses ay of
with ¢ = Npi(s, a)

Opt-QL

facebook Artificial Intelligence Research

O(1/V1)

O(1/t) or
L _H+1
"TH+t
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Step size oy

‘ Optimistic initialization ‘

Weighted Average of

Recursive Q-learning update (t ='Nyui (s, a)) /—\ bootstrapped values

¢
Qnk(s,a) = 1(1=0)H + > aj (Tk:,; + Vi1, (Sht1,,) + bi)
i=1 .
with o} = o H (1—ay)

j=i+1

*ky = {k : ;V;lk(s,a) = L}
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Step size oy

‘ Optimistic initialization ‘

Weighted Average of

Recursive Q-Iearning update (t ='Npi (s, a)) /\ bootstrapped values

t
Qni(s,a) = 1(L=0)H + > o] (7"1‘;,», + Va1, (Sht1,) + bi)
i=1 .

with o = a; H (1—-«j)

Jj=i+l

Idea: favoring later updates
w last 1/ /] fraction of samples of (s,a) have non-negligible weights
m 1 —1/H is forgotten

*ki = {k : Npi(s,a) =i}

facebook Artificial Inte\ligence Research Ghavamzadeh, Lazaric and Pirotta



‘ Optimistic initialization ‘

Step size oy ——
eighte verage o

. . bootstrapped values
Recursive Q-learning update (¢t £ Ny (s, a)) /\ S —

t
Qni(s,a) = 1(t=0)H + > o (Tk,: + Vit 1,k (Sha1n,) + bz’)
i=1 :
with Oéi = H (1 - Olj)
Jj=i+1
Example. H = 10 and assume ¢ = Npk(s,a) = 1000
10—2
1.5 10
—_— ;= (H+1)/(H+1)
. I IR o =1/i
.= - =1/Vi
° 05
o b freeenaenns freeeraaens freeeanens [reeeeens [reeeeens freeeaennes Jeees
0 100 200 300 400 500 600 700 800 900 1,000

s
*o; = {k : Ny (s,a) = i} samples (1)
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Exploration Bonus b,

Let £ = Niy(s.a)

t
I:bt

t
Note that Zai -1
i=1
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Opt-Q-learning: Regret

Theorem ([Jin et al., 2018])

For any tabular MDP with non-stationary transitions, Opt-QL with Hoeffding
inequalities (b; = O(\/ H?3/t)), with high probability, suffers a regret

R(K, M*,0pt-QL) = O(H?V/SAT + H?S A)

m Order optimal VSAT
» H factor worse than the lower-bound Q(HV SAT)

® V' H factor worse than model-based with Hoeffding inequalities
UCBVI-CH for non-stationary pj, suffers O(H>/*\/SAT)
® but better second-order terms

= The bound does not improve in stationary MDPs (i.e., py = ... = pg)
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Opt-Qlearning: Example

3,000 -
--- OptQL e
2,000 |
<
1,000 -
0 I T T
0 1 2 3 4
K 104
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Refined Confidence Intervals

m Opt-QL with Bernstein-Freedman bounds (instead of Hoeffding/Weissman):

R(E)=0 (HB/Q\/SAT + \/H9S3A3)

) Still not matching the lower-bound!
V' H worse than model-based (e.g.,UCBVI-BF)
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Open Questions

prove frequentist regret for PSRL
whether the gap between the regret of model-based and model-free should exist?

which algorithm is better in practice?
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