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Abstract

We consider the problem of exploration-exploitation in communicating Markov Decision Processes.
We provide an anlysis of UCRL2 with Empirical Bernstein inequalities (UCRL2B). For any MDP
with S states, A actions, I' < S next states and diameter D, the regret of UCRL2B is bounded as

O(VDT'SAT).

1 Introduction

Jaksch et al.|(2010]) introduced the reinforcement learning algorithm UCRL2 and proved a regret bound
of order (5(DS VAT) for any communicating MDP with S states, A actions and diameter D. UCRL2
used Hoeflding inequalities to build an uncertainty set around rewards and transitions. (Fruit et al.
2018) exploited empirical Bernstein inequalities to prove a regret bound of (5(D\/ I'SAT) where I" :=
maxs o ['(s,a) < S is the maximum number of possible next states. In this document, we show that we
can improve the analysis of UCRL2 with empirical Bernstein bound (UCRL2B) and we show a regret
bound of 6(\/ DT'SAT). This document is intended as a support to our tutorial at the 30th International
Conference on Algorithmic Learning Theory (ALT 2019). For a more detailed analysis, please refer
to (Fruit), 2019).

2 Preliminaries

We consider a communicating MDP (Puterman, (1994, Sec. 8.3) M = (S, A, p,r) with state space S and
action space A. Every state-action pair (s, a) is characterized by a reward distribution with mean r(s, a)
and support in [0, 7max], and a transition distribution p(:|s,a) over next states. We denote by S = |S]|
and A = |A| the number of states and action, by I'(s,a) = ||p(:|s, a)|lo the number of states reachable by
selecting action a in state s, and by I' = max, , I'(s, @) its maximum. A stationary Markov randomized
policy 7w : § — P(A) maps states to distributions over actions. The set of stationary randomized (resp.
deterministic) policies is denoted by IIS® (resp. IISP). Any policy 7 € ISR has an associated long-term
average reward (or gain) and a bias function defined as

77(6) = lim BE| 1Y rlona)| and w7(s) = -lim Eg[ér(st,at)—g”(so),

T—4+oo et T—4oco

where E7 denotes the expectation over trajectories generated starting from s; = s with a; ~ 7(s¢).
The bias h™(s) measures the expected total difference between the reward and the stationary reward
in Cesaro-limit (denoted by C-lim). Accordingly, the difference of bias h™(s) — h™(s’) quantifies the
(dis-)advantage of starting in state s rather than s’. We denote by sp (h™) := maxs h™(s) — ming h™(s)
the span of the bias function. In weakly communicating MDPs, any optimal policy 7* € arg max, ¢g”(s)
has constant gain, i.c., g* (s) = g* for all s € S. Moreover, there exists a policy 7* € arg max,. g"(s) for
which (¢g*,h*) = (g™ ,h™ ) satisfy the optimality equation,

Vs e S, h*(s) + g* = Lh*(s) := I;leaj‘({T(S, a) +p(-|s,a) "h*}, (1)

where L is the optimal Bellman operator. Finally, D = max,x.{7(s — s’)} denotes the diameter of M,
where 7(s — §') is the minimal expected number of steps needed to reach s’ from s.
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Input: Confidence 0 €]0, 1], rmax, S, A

Initialization: Set ¢ := 1 and observe s; and for any (s,a,s’) € S x A X §: Ni(s,a) = 0, p1(s’|s,a) = 0,
71(s,a) =0, G2,1(s'|s,a) =0, 571(s,a) =0

For episodes k =1,2,... do

1. Set ¢, < t and episode counters v(s,a) < 0

Compute the upper-confidence bounds (Eq. |5 and @ and the extended MDP M, as in Eq.

Compute an rmax/tr-approximation 7 of Eq. (gr, hie, 1) = EVI([,Z; Q(’L ”t“:" ,0,51)

Sample action a; ~ 7k (|st)

While ¢, =t or vi(st,ar) < max{l, Nk(s¢,a:)} do

A e

(a) Execute at, obtain reward ry, and observe si+1
(b) Sample action a1 ~ 7k (+|St41)
(c) Set vi(st,at) < vi(st,a:) + 1 and set t ¢t +1

6. Set Ni+1(s,a) < Ni(s,a) + vi(s,a)
7. Update statistics (i.e., Prt1, Th+1, 0041 and O g i)

Figure 1: UCRL2B algorithm.

Learning Problem. Let M* be the true MDP. We consider the learning problem where S, A and
Tmax are known, while rewards r and dynamics p are unknown and need to be estimated on-line. We
evaluate the performance of a learning algorithm 2( after T' time steps by its cumulative regret A(>A,T) =

>imi (9" = re(se ar)).

3 UCRL2B

UCRL2B is a variant of UCRL2 (Jaksch et al., 2010) that construct confidence intervals based on the
empirical Bernstein inequality (Audibert et al., [2007) rather than Hoeffding’s inequality. As UCRL2,
UCRL2B proceeds through episodes k = 1,2.... At the beginning of each episode k, UCRL computes a
set of plausible MDPs defined as

My = {M = (S, A,7,p) : 7(s,a) € Bf(s,a),p(s'|s,a) € Bi(s,a,5"),> p(s']s,a) = 1}7 (2)
where BF and B}’; are high-probability confidence intervals on the rewards and transition probabilities of

the true MDP M™*, which guarantees that (see App.|B.2)

Pk >1, st. M* & My) <

[GLR S

As mentioned, we use confidence intervals constructed using empirical Bernstein’s inequality (Audibert
et al.l [2009, Thm. 1)
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where Nj(s,a) is the number of visits in (s,a) before episode k, N, (s,a) = max{1l, Ny(s,a)}, EIQM and
8,%_ ;. are the population variance of transition and reward function at episode k. We define by 7, and py
the empirical average of rewards and transitions:

tr—1 tr—1
1 1
(s, a) = Nio(s.a) ;:1 1{s¢,a; = s,a}-r; and pi(s'|s,a) := No(s.a) ;:1 1{ss,as, 8041 = s,a,5'}



where ¢ is the starting time of episode k The estimated transition probability py(s’|s,a) correspond to
the sample mean of i.i.d. Bernouilli r.v. with mean p(s’|s,a) and therefore the population variance can
be easily computed as 7, ;. (s']s,a) == pr(s'|s,a) (1 — pr(s’|s,a)). The population variance of the reward
can be computed recursively at the end of every episode:

(Z Si(s,a ) (Pe+1(s, a))2

Sk (s, a) Ni(s,a) (. R , R i
Niii(s,a)  NF(s,a) ( 2 i(s,a) + (Ti(s,a)) ) — (Fria(s,a))?.

~2
o 1k+1(s7a) =
" Nk+1

where S (s,a) == S0 1 1{ss,a; = s,a} - 7. The extended MDP M is defined by the compact sets
Bj(s.a,5') i= [Pu(s'ls, @) = B35 Buls'ls.0) + B35 | n [0.1] (5)
B;(s,a) := [Fi(s,a) 5?‘2,?"1@(8,@) + 675 0 [0, Panax] (6)

As UCRL2, UCRL2B executes a policy 7, which is an approximate solution to the following optimization
problem:

Jr = sup { max gM,} = sup gy (7)
M’eM,, \weSP M'EM,,

Since M* € M, w.h.p., it holds that ¢g; > g};.. An approximated solution can be computed using
Extended Value Iteration (EVI) (Jaksch et all [2010). For technical reasons, we do not apply EVI
directly to My, but to MF¥ where « is the coefficient of the aperiodicity transformation. EVI iteratively
applies the following extended aperiodic optimal Bellman operator £F:

LEv(s) == max { max {r} +a- max {pTU}} + (1 —a)-v(s). (8)

a€A;s | reB,(s, pEBk(s,a)

where B}’,f(s,a) = {peAgs: p(s') € Bi(s,a,5), Vs' € S} and Ag is the S-dimensional simplex. We
arbitrarily set a = 0.9. We recall that, by properties of the aperiodicity transformation, the optimal
gains of M% and M, are equal (denoted by g;). If we ran EVI (see Alg. [2) on ME with accuracy
€k = Tmax/tk, wWe have that

Tmax
gk — gkl <ew/2 = —— (9)
2ty

Tmax

and ||E§hk - hk - gkeﬂoo S Ek = tk

(10)

where (g, by, m) = EVI(LE, GE, T"”X ,0, 51) We denote by 7 and pg the optimistic reward and tran-
sitions at episode k.

Regret Bound. We can now provide the improved regret bound for UCRL2B

Theorem 1. There exists a numerical constant 8 > 0 such that for any communicating MDP, with
probability at least 1 — §, it holds that for all initial state distributions p1 € Ag and for all time
horizons T > 1

A(UCRL2B,T) < B - Tmax, | D (Z F(s,a)> T'n <§) In (T)

(12)
22 T
+ B rmaxD*S“Aln 5 In (T)
IThe extended greedy operator is defined as
Vs € S,Vv € RS, Grv(s) € arg max max r+ max p'v,. (11)
a€As rEBf(s,a) pEB{;”(s,a)



Input: Bellman operator L : RS — RS, greedy policy operator G : RS — DM® accuracy e €]0, Tmax|, initial
vector vg € R, arbitrary reference state 5 € S

Initialization: n =0, v1 = Lo

While sp (vn41 —vn) > e do

1. Increment n < n + 1

2. Shift vy, < vn — v (S)e

3. (Vnt1,dn) := (Lon, Guy)

Set g := %(max{vnH — Un} + min{vp41 — Un}), h = vy, and 7 := (dy)
Return gain g, bias h, policy m

e o]

Figure 2: (Relative) Value Iteration.

Jaksch et al| (2010) showed that up to a multiplicative numerical constant, the regret of UCRL?2 is
bounded by rmaxDS\/ AT In(T/5). After noticing that >, T'(s,a) < I'SA we can simplify the bound
in as

B - Tmax v/ DTSAT In (T/8) + B - rmax D2S?Aln (T'/8) In (T))

4 Improved regret analysis for ucrL2B

We now report the standard regret decomposition (e.g., [Fruit et al.,[2018). The regret after T time steps
is defined as A(UCRL2B,T) = ZtT:l (g* — rt). To begin with, we replace r; by its expected value con-
ditioned on the current state s; using a martingale argument. Let’s denote by vi(s) := >, 4 vk(s,a) the
total number of visits in state s during episode k. Defining A := > s vk (s) (g* - EaeAst i (als)r(s, a))
the pseudo-regret of episode k, it holds with probability at least 1 — % that for all T > 1:

o N 5T
R(T,UCRL2B) < Z Z ve(8) | ghe — Zwk(s, a)r(s,a) | + 2rmaxy/ T In ((5>

k=1 s

kr
/ T
- Z Ap + 2rmact | Tln (55)
k=1

where kp = sup{k > 1:t > t;}. By using optimism and the Bellman equation, we further decompose
Ay as (see e.g., [Fruit et al., 2018} [Fruit], 2019, for more details)

” ek
A < + A+ N Z Vi (s)
seS
with

=« Z vi(8)m (s, a) (pk(s'\s, a) — p(s'|s, a)) hi(s") (13)

s,a,s’

APl
N

+ad wun(s) | D m(s,a)p(s']s, a)hi(s’) — hi(s)

a,s’

AD2
=AY

where « €]0,1] is the coefficient of the aperiodicity transformation applied to extended MDP M, (in
most cases, this coefficient can be taken equal to 1 but we include it for the sake of generality) and py, is
the optimistic kernel at episode k. We also consider the general case where the optimistic policy 7 can
be stochastic (in most cases this is not necessary).

We define the event E€¢ = {3T >0,3k >0, s.t. M* ¢ ./\/lk}. We recall that the probability of this event
is small, see App. [B.2}

P(EC) <



4.1 From D to v D: Variance Reduction Method

We will now prove Thm. [1} In order to improve the dependency of the regret bound in D (i.e., replace
D by \/5), we refine our analysis with three key improvements:

1. We leverage on Freedman’s inequality (Freedman) {1975 instead of Azuma’s inequality to bound the
MDS. We recall this inequality in Prop. [2 below.

2. We use a tighter bound than Hoélder’s inequality to upper-bound the sum Z:; Azg.

3. We shift the optimistic bias hy, by a different constant at every time step ¢t > 1 rather than only at
every episode k > 1. More precisely, the optimistic bias is shifted by a different constant for every
episode k > 1 and for every visited state s € S.

To the best of our knowledge, Thm. [1| and its proof are new although it is largely inspired by what is
often referred to as “variance reduction methods” in the literature (Munos and Moore) |1999; |[Lattimore
and Hutter} 2012, [2014; |Azar et al., [2017)). Similar techniques are used by (Azar et all|2017) to achieve
a similar bound but in the finite horizon setting. This approach is also related to (Talebi and Maillard,
2018) and (Maillard et al.l [2014]) (in the latter, the variance is called the distribution-norm instead of the
variance).

Proposition 2 (Freedman’s inequality). Let (X,,, Fn)nen be an MDS such that | X,| < a a.s. for all
n € N. Then for all 6 €]0,1],

n

Sox

i=1

P(Vvn>1,

<2 (Zv(xi]fi1)> -In (4;) +4aln (45”> >1-4
i=1

For any vector u € R, we slightly abuse notation and write u? := u o the Hadamard product of u with
itself. For any probability distribution p over states S and any vector u € R® we define

2
Vp (u) = pTu® = (pTu)* = Exnp[u(X)?] = (Ex~plu(X)])
the “variance” of u with respect to p. For the sake of clarity we introduce new notations for the transition
probabilities: py(s')s) = Yc 4. 7 (5 a)pk(s]5,0), By(5']5) = Soes, (s a)p(s']s,a) and Py(s']s) =
Y aca, Tk(s,a)Pk(s]s, a), for every s,s" € S and every k > 1.
We start with a new bound relating A?'. We define A?” := > s as VE(8,a) (pr(s]s,a) — p(s'[s, a)) hi(s").

Lemma 3. Under event E, with probability at least 1 — %:

& & 24T
VT >1, Y AP <N AR 4 4y DIn <5>

k=1 k=1
24T o d
Fysh (5) D Vil (@hr) + 4[> Vo, (o) (@hi,) (14)
t=1 t=1
Proof. We use a martingale argument and Prop. [2| (Fruit, [2019, see). O

We refine the upper-bound of Affg derived by |[Jaksch et al.|(2010). Instead of bounding the scalar prod-
uct (pr(-s,a) — p(-|s,a))Twi by ||pk(-|s,a) — p(:|s, a) || |wk|lco using Holder’s inequality, we bound it by
Yoo Pk (8|5, a)—p(s']s, a)|-|wy(s")| using the triangle inequality. Since D, . pr(s']s,a) =, o p(s'|s,a) =
1 we can shift hy by an arbitrary scalar A\j € Rfor all k > 1 and all s € S’, ie., wy == hy+ XZe. Unlike in
UCRL2, we choose a state-dependent shift, namely A\ := —>" pr(s'ls, a)mi(s, a)hp(s") = —pr(-|s)Ths.
It is easy to see that sp (wj) = sp(hi) and [|w}| e < sp (hi) implying that under event E, lwilloe <
(rmaxD)/cx.

Using the triangle inequality and the fact that py(s,a) € Bf(s,a) by construction and p(s,a) € Bf(s, a)
under event E:

SUJSI

pi(s']s,a) = p(s']s,a)| < |pi(s']s,a) = Pr(s']s, )| + |Pr(s']s, @) — p(s']s, a)| < 265%



As a result we can write:

A"?<aZZw€sa ’pk "Is,a) — |sa“w;§(s’)‘

k=1 s,a,s’
<2aZZVk s,a Z Sas |wk ')

k=1 s,a

In (6SAT/6)

—4azzuk<s,a>[ “N+ e Al s =Bl )i+

k=1 s,a s'eS

31n ( 6SAT/§
+ NJr (s,a) Z | 1

<(rnnxD)/a

We denote by Vi(s,a) := a? >, pe(s|s, a)w;i(s')>. We can prove the following inequality:

Lemma 4. It holds almost surely that for all k > 1 and for all (s,a,s') € S x Ax S:

@y \/17k(8’|87a)(1 = Du(s'[s, @))wi(s)? < V/Vils,a) - (D(s,a) — 1) (15)

s'eS

Proof. Define Si(s,a) ={s' € S : pr(s’|s,a) > 0}. Then, using Cauchy-Schartz inequality we have

Y Vor(ls, )1 = (55, a)wi(s)? = Y VBr(s']s,a) (1= Pr(s']s, @) wi(s')?

s'€S s'€Sy(s,a)
< ( > 1—ﬁk(s’|s,a)> : ( > ﬁk(s’s,a)wk(s’)2>
s'€Sy (s,a) s'€Sy(s,a)
= (Tk s,a) — 1) <Z}?k s'|s, a)wy(s')? ) < [T(s,a) Zﬁk(8'|saa)wk(5')2
s’eS s'eS

By definition, for all 5" € S, wi(s") = hp(s") — Exp, (|s,a)[hx(X)] and so

> Bi(s'ls, a)wr(s)? = V5, (1.0 (i)

s'eS

As a consequence of Lem. [4]

ZAM <4ZZVk s, a)

\/Vk (s.0) [(s,a) <6SAT) L BramDS | (65;4T)

k=1 s,a Nlj(sva) 4 N,j(s,a)
kr tk41—1
[(st, ar) <6SAT) 3rmax DS <6SAT>
=4 Vi (s¢, az) In + In
; tzt:k \/ Ny (st ar) 4 N (se,a) )

Applying Cauchy-Schwartz gives

kr tr41—1 kr tkg1—1 kr tk41—1

DD DRV IR Si'y St’atZZVHL
ty t + T k: tsy t

k=1 t=ty N (sear) ~\ioy o Ne (o) i &

T
S a l/k S, Cl
J E E N+ S a E th Styat
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Using Lem. [8] Jensen’s inequality and the fact that N];"TH(S, a) < T, we can bound the first sum

ZZ jvi’;k; 2 <23 T(s.a) (1+n (N ,(5,0))

s,a k=1 s,a

2<1+ln<zs’ar‘i(:ssj;(kT+l >>ZF$ a

)

2(1+1In (7)) T(s,a)

s,a

To bound the second sum Z;‘ll Vi, (8¢, at), we rely on the following Lemma:

Lemma 5. Under event E, with probability at least 1 — %:

T T
T
T2 1 DT Viona) € D Vi (@ha) + (D) 270 () (16)

Proof. We notice that for all k > 1 and s € S, >, mr(s,a)Vi(s,a) = V5, (.|s) (@hr). The concentration
inequality then follows from a martingale argument and Azuma’s inequality. O

From Lem. Bl it follows that

kT T
ZAﬁg <4 2(1 + ln(T)) In <68AT> <ZF 5, a ) ( TmaxD)?4 /2T In (?) + Zvﬁkt('m) (O‘hkt)>
k=1

t=1

+ 24730x DS? Aln (GS;T) (1+In(T)) (17)

It now remains to bound ZkT Apz As shown by (Jaksch et al., |2010; |[Fruit et al., |2018) using telescopic
sum argument: ZkT A”Z ZkT A”l + (TmaxD)kr where

try1—1
AV = Z Zwk s, a)p(s'|s, a)wy(s") — wi(s441)
t=ty a,s’

We bound ZZL A’f using Freedman’s inequality instead of Azuma’s.

Lemma 6. Under event E, with probability at least 1 — %:

k=1

kT
24T 24T
VT >1, Y AP <2 (vak Cls0) ahk)> 1n< 5 >+4rmaxD1n( 5 ) (18)

Proof. We use a martingale argument and Prop. [2] (see App. for further details). O

4.2 From D to v/D: Bounding the sum of variances

The main terms appearing respectively in , and all have the form of a sum of variances over
time Zthl Vy, (ahy,) with p; a distribution over states (respectively pg,(-[s¢), Dy, (-|s¢) and ﬁkt(-|st)
and hy, the optimistic bias of episode k;. A first naive upper bound of this sum can be derived using
Popoviciu’s inequality that we recall in Prop. [7]

Proposition 7 (Popoviciu’s inequality on variances). Let M and m be upper and lower bounds on the
values of a random variable X i.e., Pm < X < M =1. Then V(X) < 2(M —m).

2Recall that Py, (-|s) :== >, 7k (s, a)p(s’|s, a).



Using Popoviciu’s inequality and under event F,
Vp, (ahy,) < sp(ahy)® /4 = a?sp (hi)? /4 < (rmaxD)?/4

and so Z;‘ll Vp, (ahy,) < (rmaxD)?T /4. Unfortunately, this would result in a regret bound scaling as

(5(rmaXD\/T) (ignoring all other terms like S, A, logarithmic terms, etc.) which is not better than the
classical bound of UCRL2. In this section, we show that the cumulative sum of variances only scales as

O@r2, DT + (rmaxD)?V/T) resulting in a regret bound of order O (Tmax\/ DT + rmaXDTl/‘l) (ignoring
all other terms).
We start by analyzing the variance term V5, (.|5,) (athy). We will proceed similarly with the other variance

terms V,, (|s,) (ahy) and Vg (s,) (ahy). We do the following decomposition:

Voo (@he) = a2 (BuCls0) T = (el he)?)

= @2 ( (BelCls) = BClso) B + P Clso)ThE — B (ses) + B G5e41) = (BiClse) The)”)

@ @ &)

Notice that for any r.v. X and any scalar a € R, V(X +a) = V(X). Thus, the term V3, (.|s,) (@th) remains
unchanged when hy, is shifted by an arbitrary constant vector i.e., when hy, is replaced by wy := hi + Are.

As in UCRL2, we minimize the {w-norm of wy, by choosing A, = —% (max,es{hx(s)} + minses{hi(s)}).

We recall that under event E, [|wi s < (rmaxD)/(2) and so ||w|lee < (rmaxD)?/(40?).

@ The first term o3 \T, ?:152_1 (Pi(-|5) — Pr.(-]5:))T w2 is similar to Y;7, AP' except that awy, is
replaced by a?w? and py(+|s;) is replaced by Py (+|s;). In the regret proof of UCRL2 we need to decompose
pi(+|st) — Pr(¢|s¢) into the sum of pg(-|st) — i (:|s:) and pr(+|s:) — Pr(-|s¢). Here we no longer need this
decomposition and we can use the same derivation with sp (a®w}) < (rmaxD)?/4 instead of (rmaxD)/2.
Therefore, with probability at least 1 — % (and under event E):

(FmaxD)? (Za r(s,a)> T'n (“;”)

+ (rmaXD)QM+ 3(rmaxD)2S?Aln (“?T) (1+1In(T))

2 The second term o? ZZ; ik:t;_lﬁk(~|st)Twz — w2 (s44+1) is identical to Z:; AP except that awy

is replaced by azwi. With probability at least 1 — % (and under event E):

kp trg1—1

a?3 " N Billse) = Prllse)) T wd <

k=1 t=ty

| W

kp tk41—1 9
— TmaxD 5T
a2z Z pk('|st)Tw1% - w,%(stﬂ) < % TIn (5)
k=1 t=ty

3 The last term o? ZIZL :Z;*lwi(stﬂ) — (Pu(-|s¢)Twg)? is the dominant one and requires more

work. Unlike the first two terms, it scales linearly with T' (instead of O(v/T)). We first notice that
Dr(¢|8¢0) Twy, = wy(s¢) + Pr(+|s¢) Twr — wy(s¢). Using the fact that (a+b)% = a? +b(2a+b) with a = wy(s;)
and b = pi(+|s¢)Twg — wi(s¢) (and therefore 2a + b = wg(s¢) + Pr(+|s¢)Twg) we obtain:

(B (-s0)Twi)® = wi(se) + (B (s0) Twr — wi(s1)) - (wi(s1) + P (-]50) Twg)
and so applying the reverse triangle inequality:
(Br(-1s6)Twr)? = wii(se) = [Pr(-|se) Twn — wi(s0)] - [wi(se) + Pr(-|se) Tl (19)

For all k > 1 and s € S, we define r4(s) := >, 7 (s, a)rr(s,a). Using the (near-)optimality equation we
can write:

lgk — i (se) + (wi(se) — pr(lse)Twe) | = |ge — ri(se) + a(hi(se) — pr(-]se) The) | < ew



Moreover, € = % < rmax- As a result, since a > 0:

a|pr(-|se)Twy — w(se)]
= |gk — ri(se) + a(wi(se) — pr(lse)Twi) — g + ri(se) + o (Pr(-lse) — Pr(-]se))T we
< |gi = ri(se) + a(wi(se) = pr(-lse)Twi) | + [ (se) = gr| +a [(r([se) — Dr(-]5))T wi

<Tmax <rmax

< 2Tmax +a |(Pk(‘5t) - ﬁk('|5t))T U/k|

It is also immediate to see that |wg(s:) + Dr(-|st) Twi| < 2||wkloo < (TmaxD)/a. Plugging these inequali-
ties into and adding w?(s¢41) we obtain:

o (wF(s111) = BrCls0)Twr)? ) < 2ras + o [(p(-ls0) = Bi(50)T wk) (v D)

(20)
+a? (wi(se41) — wi(se))
It is easy to bound the telescopic sum
tk+1 1
o® > wisig) — wise) = o (wWilse,,,) — wilse,)) < @®wi(se,,,) < (rmaxD)?/4 (21)
t=ty

Finally, the sum aZZL :’;:1 |(pr(:|st) — Pr(-|st))T wg| can be bounded in the exact same way as

Sk AP' With probability at least 1 — 2:

kp tk41—1
~ 6SAT / 5T
« E E pk |St Pk('|3t))T wk‘ <3rmax D <§ F S a ) TIn (5) + 4rmax D Tln( S )
=1 t=t s,a

+ 67 max DS? Aln (65?71) (1+1n(T)) (22)

After gathering and into ) we conclude that with probability at least 1 — % (and under event
E):

oYY D) 5 S r
wk st+1) — (Pr(: |st)ka) < 2rmaXDT + " 4 O | (TmaxD ['(s,a)
k=1 t=ty 4

main term

In conclusion, there exists an absolute numerical constant 8 > 0 (i.e., independent of the MDP instance)
such that with probability at least 1 — 22

T
T
> Vs, (s (@hi) < B+ | 12, DT + (rmax D (Zr (s,a) ) T'ln ( 5) + (rmaxD)?S%Aln (5> In (T)

t=1

We can prove the same bound (possibly with a different multiplicative constant 3) for EZ;I Vﬁkt (lse) (@hg,)

and ZZ;I Vs, (1se) (@hy, ) using the same derivation.

4.3 Completing the regret bound of Thm.

After plugging the bound derived for the sum of variances in the previous section (Sec. into ,
and , we notice that and can be upper-bounded by up to a multiplicative numerical
constant ans so it is enough to restrict attention to . The dominant term that we obtain is (ignoring
numerical constants):

Finax (Zr s.a ) (T> I (T) | DT + D2 (Z I‘(s,a)) T <§) + D252AIn <§) In (7)




Using the fact that /), a; <), +/a; for any a; > 0, we can bound the above square-root term by three
simpler terms:

(1) A VT-term (dominant): ryax, | D <Z F(s,a)) Tln (?) In (T)

3/4 3/4
(2) A TY*term: roaxD <Za: F(s,a)> /4 (ln (?)) VIn (T)

(3) A logarithmic term: 7paxD,|S%A <Z T'(s, a)) In <§> In(T) < "maxDS*Aln <§) In (T)

When T > D? (Zs’a I'(s, a)) In (1), we notice that the 7'/4-term (2) is actually upper-bounded by the

VT-term (1), while for T < D? (Zs’a ['(s, a)) In (%) we can use the trivial upper-bound ry.x7" on the
regret:

R(T, M*, UCRL2B) < raxT < maxD? (Z F(s,a)> In <§) < Fmax D252 Aln (?)

s,a

To complete the regret bound of Thm. [I] we also need to take into consideration the lower order terms
of (14), and (18). It turns out that the only terms that are not already upper-bounded by (1), (2)
and (3) (up to multiplicative numerical constants) sum as:

Tmax{ | SAT In (?) + TmaxSAIn (?) In (T) + rmaxD*S?Aln (?) In (T)

All the above logarithmic terms can be bounded by: max {Tmax,rmaxDQ} S2A1n (%) In (T). Moreover,
all the v/T-terms can be bounded by

max { oo, T VD } (Zﬂ I(s, a)> Tn <§> In (7)

To conclude, we only need to adjust § to obtain an event of probability at least 1 — §. This will only
impact the multiplicative numerical constants of the above terms.
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A Additional Results

Lemma 8. It holds almost surely that for all k > 1 and for all (s,a) € S x AX S:

(s,a)

Vi
2 < 3v/Nir11(s,a) and ; (s,(l) <2+ 21n( kr +1(8,a)) (23)
Proof. The proof follows from the rate of divergence of the series Y, % ~ y/n and Y, ; ~ In(n)
respectively when n — +oc. O

B MDS

For any ¢ > 0, the o-algebra induced by the past history of state-action pairs and rewards up to
time ¢ (included) is denoted F; = o(s1,a1,71,-- -, S, as, Tt, S¢+1) wWhere by convention Fy = o () and
Foo = UgsoFy. Trivially, for all ¢ > 0, 7, € Fyyy1 and the filtration (F;),-, is denoted by F. We
recall that k; is the integer-valued r.v. indexing the current episode at time ¢. It is immediate from
the termination condition of episodes that for all ¢ > 1, k; is F;_1-measurable i.e., the past sequence
($1,a1,71, ..., 8t—1,0¢—1,7+—1, S¢) fully determines the ongoing episode at time ¢t. As a consequence, the
stationary (randomized) policy 7y, executed at time ¢ is also F;_j-measurable.

B.1 Proof of Lemma

Let’s define the stochastic process

Xo = 7k, (50, @)pr, (8|50, @), (s Zpk, "|st, ar)hg, ()

as

Let’s define \y = — >~ . 7k, (¢, a)pr, (8'|5¢, a) b, (s") and wy = hy, +Aee. Since by definition ), pg, (8'|s¢, ar) =
1, we have
Zpkt "|st, ar)wi(s")

It is easy to verify that E[X;|F,—1] = 0 and so (X, Fi)e>1 is an MDS. Moreover, |X;| < [|lwi]lee <
sp (hg,) < (rmaxD) and

2
Xt|ft 1 Zﬂ-kt stv (Zpkt(8/|st7a)wt(s/)>

11



Proposition 9. For any n > 1 and any n-tuple (a1, ...,a,) € R", (31, az) <n (X, ad?).

Proof. The statement is trivially true for n = 1. For n = 2 we have (a1 — a2)? = a? + a3 — 2a1a2 > 0
implying that 2a1as < af + a3. Therefore, (a1 + a2)? = a? + a3 + 2a1a2 < 2(a? + a3) and so the result
holds. We prove the result for n > 2 by induction. Assumed that it is true for any n > 2. Then we have:

n+1 n 2 n
(Z az> (Z ai> +ai+1 +2an+12ai
i=1

i=1
<"(21 1’1?)
n+1
<n a? +an+1—|— 2azan+1 <(n+1) a?

a2
>aj +a71+1

where the first inequality follows from the induction hypothesis and the second inequality follows from
the inequality for n = 2 that we proved. This concludes the proof. O

For the sake of clarity we will now use the notation py(s'ls) := > c 4 7k(s,a)pr(s'|s, a) for every s,s" € S
and every k > 1. Using Prop. [J] we have that

V (X¢|Fir) <8, (50,0) pr, ('] 51, ) wy, (s)?
—_———

’7
s <pr, (s'|s¢,a)

<S8 mr (51, a)pr, (85, a)wi, (5)° = S -V, (15, (hn,)

a,s’

After applying Freedman’s inequality (Prop. [2) to the MDS (X, F;)¢>1 we obtain that with probability
at least 1 — 5 yforall T > 1:

24T
Z Z v (8)m (s, a)pr(s'|s, a)hi(s <Z Z vi(s,a)pr(s']s, a)hi(s') + 2(rmax D) In (5)

k=1 s,a,s’ k=1 s,a,s’

24T
+2,|8n ( ) ZVW 1s0) (P, (24)

We can do exactly the same analysis with the stochastic process

X —Zﬁkt Sty @ |5t7 hkt ZP |St,0t hkt( )

a,s’

i.e., with p instead of py, and we obtain that with probability at least 1 — g, forall T'> 1:

kT
_Z Z v (s)m(s, a)p(s'|s, a)hk(s Z Z vi(s,a)p(s'|s,a)hi(s") + 2(rmax D) In (24671)

k=1 s,a,s’ k=1 s,a,s’

T
24T
+2,/SIn (5 )§ Vo, (1se) (Bi,) (25)
t=1

with the notation py(s'|s) := > ,c4 Tk(s,a)p(s'|s,a) for every s,s" € S and k > 1.

B.2 Definition of The Confidence Intervalsd

Theorem 10. The probability that there exists k > 1 s.t. the true MDP M does not belong to the extended
MDP My, defined by Eq. @ andla is at most g, that is

PEk>1, s.t. M & My) <

OO\Of)

12



Proof. We want to bound the probability of event E := U 1{M & My}, As explained by Lattimore and
Szepesvari| (2018, Section 4.4), when (s, a) is visited for the n—th times, the reward that we observe is the
n-th element of an infinite sequence of i.i.d. r.v. lying in [0, rmax] with expected value 7(s,a). Similarly,
the next state that we observe is the n-th element of an infinite sequence of i.i.d. r.v. lying in S with
probability density function (pdf) p(:|s,a). In UCRL2, we defined the sample means py and 7, and the
confidence intervals B;f and BY (Eq. [5|and @) as depending on k. Actually, this quantities depends only
on the first Ni(s,a) elements of the infinite 1.i.d. sequences that we just mentioned. For the rest of the
proof, we will therefore slightly change our notations and denote by p,,(s'|s,a), T (s, a), B} (s'|s,a) and
B!'(s,a) the sample means and confidence intervals after the first n visits in (s,a). Thus, the r.v. that
we denoted by pj, in UCRL2 actually corresponds to Py, (s,a) With our new notation (and similarly for
Tk, BY and BF). This change of notation will make the proof casier.

M & M, means that there exists k > 1 s.t. either p(s'|s,a) & Bév’“(s’a)(s, a,s’) or r(s,a) & Biv’“(s’a)(s, a)
for at least one (s,a,s’) € S x A x S. This means that there exists at least one value n > 0 s.t. either
p(s'[s,a) & By(s,a,s") or 7(s,a) € B)'(s,a). As a consequence we have the following inclusion

ECUU{rsa ¢ B sa}UU{p (s'|s,a) & By(s,a,s")} (26)

s,a n=0
Using Boole’s inequality we thus have:

<ZZ< (s,a) & Bl'(s,a)) JrZIP’ |s,a)§ZB;(s,a,s'))> (27)

s,a n=0

Let’s fix a 3-tuple (s,a,s’) € S x A x S and define for all n > 0

sas’ |~ 21n (3052A(n*)2/8)  3In(30S2A(n*)?/§

€p7n — Up,n(5/|8,a)\/ ( n+( ) / ) + ( n+ ) (28)
21 A(n+)2/6)  3rmaxIn (30SA(n™)%/6

€ 1= 8r7n(57a)\/ n(3OSn+(n V'/ )+ Fima 0 — (n1)*/9) (29)

where 7, ,,(s'|s,a) and 7. n(s a) denote the population variances obtained with the first n samples. It is
immediate to verify that 65“5 < ﬂ;f‘nsl and €9, < 37, a.s. (see Eq. |3|and 4| with Ny (s, a) replaced by n).
Using the empirical Bernsteln inequality (Audibert et al. 2009, Thm. 1) we have that for all n > 1:

P (In(s'13,0) — Bals'l5,0)| = 855" ) <P (Ip(s'1s,0) ~ Puls'ls,0)| = %) < oaer  (30)

P (\r(s,a) —Tn(s,a)] > ;“n) <P (|r(s,a) —Tn(s,a)] > ef,“n) < 0

— 10n2SA (31)

Note that when n = 0 (i.e., when there hasn’t been any observation of (s,a)), € ;“5 > 1 and €4 > Tmax
so P (\p(s’|s, a) —po(s'ls,a)| > €% ) =P (|r(s, a) —7o(s,a)| > eﬁffo) = 0 by definition. Since in addition

(also by definition)
By (s,a,8) C [Bu(s']s,a) = B’ Bu(s']s,0) + B35 | (see Ea.[})

and
B (s,a) C [?n(s, a) — ,Bf%,?k(s, a) + fﬁl] (see Eq. @
we conclude that for all n > 1

5 4]
P (n(s' Br M< —%  and P B" < —
(p(s'ls,a) & By (s,a,5')) < 10n2524 1 (r(s,a) ¢ By'(s,)) < 10n2SA

and these probabilities are equal to 0 if n = 0. Plugging these inequalities into Eq. we obtain:

5 ) 27T2(5
PET >1,3k > 1st.M & My) <Z<O+Z<IOTLQSA+ 107125214)) 60

s,a

OJ\O'z

which concludes the proof. O
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